C 2 -COFINITE W-ALGEBRAS AND THEIR LOGARITHMIC REPRESENTATIONS
INTRODUCTION: IRRATIONAL C 2 -COFINITE VERTEX ALGEBRAS
Vertex algebras are in many ways analogous to associative algebras, at least from the point of view of representation theory. Rational vertex operator algebras [Zh] , [ABD] and regular vertex algebras have semisimple categories of modules and should be compared to (finite-dimensional) semisimple associative algebras. If we seek the same analogy with finite-dimensional non-semisimple associative algebras, we would eventually discover irrational C 2 -cofinite vertex algebras (the C 2 -condition guarantees that the vertex algebra has finitely many inequivalent irreducibles [Zh] ). But oddly as it might seem, examples of such vertex algebras are rare and actually not much is known about them. For instance, it is not even known if there exists an irrational vertex algebra with finitely many indecomposable modules.
Motivated by important works of physicists [FHST] , [FGST1] - [FGST3] , in our recent papers [AM1] , [AM2] , [AM6] , [AM8] (see also [Abe] , [CF] ) , among many other things, we constructed new families of irrational C 2 -cofinite (i.e., quasi-rational) vertex algebras and superalgebras. The most surprising fact about quasi-rational vertex algebras is that all known examples are expected to be related to certain finite-dimensional quantum groups (Hopf algebras) via the conjectural KazhdanLusztig correspondences [FGST2] , [FGST3] , [FT] . It is also known that the module category of a C 2 -cofinite vertex algebra has a natural finite tensor category structure [HLZ] , [Hu1] , although not necessarily rigid [Miy2] (see also [Fu] , [FS] for related categorical issues).
This note is based on lectures given by the authors at the conference on "Tensor Categories and Conformal Field Theory", June 2011, Beijing. Thus, except for Section 5 and some constructions in Sections 2, all the material is based on earlier works by the authors (we should say that some constructions in Section 2 were independently introduced in [FT] ). We are indebted to the organizers for invitation to this wonderful conference. We also thank A. Semikhatov, A. Gaȋnutdinov, A. Tsuchiya, I . Runkel, Y. Arike, J. Lepowsky, L. Kong and Y-Z. Huang for the interesting discussion during and after the conference. We are also grateful to Jinwei Yang for helping us around in Beijing. 1 2. PRELIMINARIES This paper deals mainly with the representation theory of certain vertex algebras. Because we are interested in their Z ≥0 -graded modules, the starting point is to recall the definition of Zhu's algebra for vertex operator (super)algebras following [Zh] , [KW] .
Let (V, Y, 1, ω) be a vertex operator algebra. We shall always assume that V is of CFT type, meaning that it has N ≥0 grading with the vacuum vector lying on the top component. Let V = n∈Z ≥0 V (n). For a ∈ V (n), we shall write deg(a) = n. As usual, vertex operator associated to a ∈ V is denoted by Y (a, x), with the mode expansion
We define two bilinear maps:
Next, we extend * and • on V ⊗ V linearly, and denote by O(V ) ⊂ V the linear span of elements of the form a • b, and by A(V ) the quotient space V /O(V ). The space A(V ) has an associative algebra structure (with identity), with the multiplication induced by * . Algebra A(V ) is called the Zhu's algebra of V . The image of v ∈ V , under the natural map V → A(V ) will be denoted by [v] .
For a homogeneous a ∈ V we define o(a) = a deg(a)−1 . In the case when V0 = V , V is a vertex operator algebra and we get the usual definition of Zhu's algebra for vertex operator algebras.
According to [Zh] , there is an one-to-one correspondence between irreducible A(V )-modules and irreducible
With V as above, we let C 2 (V ) = a −2 b : a, b ∈ V , and P(V ) = V /C 2 (V ). The quotient space V /C 2 (V ) has an algebraic structure of a commutative Poisson algebra [Zh] . Explicitly, if we denote byā the image of a under the natural map V → P(V ) the poisson bracket is given by {a, b} = a 0 b and commutative product a · b = a −1 b. From the given definitions it is not hard to construct an increasing filtration of A(V ) such that grA(V ) maps onto A(V ).
QUANTUM W -ALGEBRAS FROM INTEGRAL LATTICES
W-algebras are some of the most exciting objects in representation theory and have been extensively studied from many different point of views. There are several different types of W-algebras in the literature, so to avoid any confusion we stress that (a) finite W -algebras are certain associative algebras associated to a complex semisimple Lie algebra g and a nilpotent element e ∈ g [BT] , [W2] , and can be viewed as deformations of Slodowy's slice, and (b) affine W -algebras are vertex algebras 1 obtained by Drinfeld-Sokolov reduction from affine vertex algebras [FrB] . The two algebras are related via a fundamental construction of Zhu (cf. [Ar] [DeK]). In this paper, (quantum) W-algebras are vertex algebra generalizations of the affine W -algebras. More precisely Definition 3.1. A W-algebra V is a vertex algebra strongly generated by a finite set of primary vectors u 1 , ..., u k . Here strongly generated means that elements of the form
Let us first outline the well-known construction of lattice vertex algebra V L associated to a positive definite even lattice (L, ). We denote by C[L] the group algebra of L. As a vector space
where S(ĥ <0 ) is the usual Fock space. The vertex algebra V L is known to be rational [D] . Denote by L • the dual lattice of L. For β ∈ L • we have "bosonic" vertex operators
introduced in [FLM] , [DL] . It is also known [D] that all irreducible V L -modules are
Now, we specialize L = √ pQ, where p ≥ 2 and Q is a root lattice (of ADE type). We should say that this restriction is not that crucial right now, and in fact we can obtain interesting objects even if the lattice L is (say) hyperbolic. We equip V L with a vertex algebra structure [Bo] , [FLM] (by choosing an appropriate 2-cocycle). Let α i denote the simple roots of Q. For the conformal vector we conveniently choose
where ω st is the standard (quadratic) Virasoro generator [FLM] , [LL] . Then V L is a conformal vertex algebra of central charge
Consider the operators
acting between V L and V L -modules. These are the so-called screening operators.
More precisely, 1 n.b. For brevity, we shall often use "algebra" and "vertex algebra" when we mean "superalgebra" and "vertex superalgebra", respectively. From the context it should be clear whether the adjective "super" is needed.
2 Without the linear term the central charge would be rank(L).
We shall refer to e
, as the long and short screening, respectively. It is well-known that the intersection of the kernels of residues of vertex operators is a vertex subalgebra (cf. [FrB] ), so the next problem seems very natural to ask Problem 1. What kind of vertex algebras can we construct from the kernels of screenings in (2)? What choices of (2) give rise to C 2 -cofinite vertex (sub)algebras? 3.1. Affine W-algebras. The above construction with screening operators naturally leads to affine W-algebras. The affine W-algebra associated toĝ at level
where the cohomology is taken with respect to a quantized BRST complex for the Drinfeld-Sokolov hamiltonian reduction [FKW] . As shown by Feigin and Frenkel (cf. [FKW] and [FrB] and citations therein) this cohomology is nontrivial only in degree zero. Moreover, it is known that W k (g) is a quantum W-algebra (according to our definition) freely generated by rank(g) primary fields. Although not evident from our discussion, the vacuum vertex algebra V k (ĝ) coming from the affine KacMoody Lie algebra g enters in the definition of H 0 k (g) (see again [FrB] ). It is possible to replace V k (ĝ) with its irreducible quotient L k (ĝ), but then the theory becomes much more complicated [Ar] .
An important theorem of B. Feigin and E. Frenkel [FrB] says that if k is generic and g is simply-laced, then there is an alternative description of W k (g). For this purpose, we let ν = k + h ∨ , where k is generic. Then there are appropriately defined screenings e
where l = rank(L). If we assume in addition that g is simply laced (ADE type) then we also have the following important duality [FrB] 
Now, let us consider the case when L = √ pQ, p ∈ N, in connection with the problem we just raised. Having in mind the previous construction, it is natural to ask whether p = k + h ∨ is also generic. For instance, it is known (cf. [FKRW] ) that p = 1 is generic. Next result seems to be known in the physics literature
Interestingly enough, for long screenings, we do expect "genericness" to hold:
Conjecture 3.1. For p ≥ 2 as above
This conjecture is known to be true in the rank one case, where the kernel of the long screening is precisely the Virasoro vertex algebra L(c p,
. But for the short screening we obtain the so-called singlet algebra [Ad] (the special case p = 2 has been extensively studied in [Abe] , [CR] , [W1] , etc.). Both vertex algebras are neither rational nor C 2 -cofinite.
Let
, where P (x, y) is the principal ideal generated by
Now, by using results in Section 2, we see that irreducible M (1)-modules are parameterized by zeros of a certain rational curve in C 2 . We expect that irreducible modules for vertex operator algebras from Theorem 3.1 also have interesting interpretation in the context of algebraic curves.
Further extended affine W-algebras.
Instead of focusing on the charge zero subspace M (1) (the Fock space), nothing prevented us from considering intersections of the kernels of screenings on the whole lattice vertex algebra V L . Let us first examine the long screenings in this situation. Conjecturally, we expect to produce a certain vertex algebra denoted by
, with a large ideal [MP] in connection to Feigin-Stoyanovsky's principal subspaces [FeS] ).
Example 3.1. For Q = A 1 . we have
the smallest conformal vertex subalgebra of V L containing the vector e α 1 . Here e √ pα 1 is the well-known FS principal subspace [FeS] (see also [MP] ).
3.3. Maximally extended W-algebras: a conjecture. Due to differences already observed in Theorem 3.1 and Conjecture 3.1, it is not surprising that the conformal vertex algebra
We believe the following rather strong conjecture motivated by [FT] holds.
Conjecture 3.2. We have
It is strongly generated by the generators of W k (g) and finitely many primary vectors,
Let us briefly comment on (5) first. For V a C 2 -cofinite vertex operator algebra. M. Gaberdiel and T. Gannon in [GG] initiated a relationship between A(V ) and P(V ). They raised an interesting question: When does dim A(V ) = dim P(V )? For a large family of rational vertex operator algebras of affine type, the equality of dimensions holds (cf. [FL] , [FFL] ). In [AM7] , we studied this question for C 2 -cofinite, irrational vertex operator superalgebras, and proved that (5) holds in the rank one case.
The first half of part (1) of the conjecture is known to be true in general, and this follows also from (4). We have already shown in [AM1] the conjecture to be true for Q = A 1 . In this case we write W(p) = W(p) Q for brevity.
Triplet vertex algebra W(p).
The next result was proven in [AM1] and [AM7] .
Theorem 3.3. The following holds: 
Let us here recall description of C 2 -algebra P(W(p)). Generators of P(W(p)) are given byω ,H,Ē,F , and the relations areĒ 2 =F 2 =HF =HĒ = 0,
The complete description of the structure of Zhu's algebra was obtained in [AM7] , where we developed a new method for the determination of Zhu's algebra which was based on a construction of homomorphism of Φ : A(M (1)) → A(W(p)). Then we described the kernel of such homomorphism, and by using knowledge of Zhu's algebra A(M (1)) for the singlet vertex algebra M (1) mentioned earlier, we get the following result:
where
The structure of Zhu's algebra A(W(p)) implies the existence of logarithmic modules.
The similar result was obtained in [AM7] for what we called the super-triplet vertex algebra SW(m). The advantage of the method used in [AM7] is that for the description of Zhu's algebra we don't use any result about the existence of logarithmic representations. In our approach, the existence of logarithmic representations is a consequence of the description of Zhu's algebra. (W(p) ). These modules can be constructed explicitly as in [AM4] and [NT] . On the other hand, one can apply the Huang-Lepowsky tensor product⊗ [HLZ] and get: P 
W -ALGEBRA EXTENSIONS OF MINIMAL MODELS
If we consider L = √ pp ′ Q, where p and p ′ are relatively prime and strictly bigger than one, there are additional degrees of freedom entering the construction of screening operators. These values allow us to construct more complicated vertex algebras, closely related to affine W-minimal models.
For simplicity we only consider the case Q = A 1 , well studied in the physics literature.
The setup is
We construct V L as before but now we choose
such that the central charge is 1 − 6 
Although the rank is one, the replacement for W(p) Q involves both screenings, namely
Compared to W(p) Q this vertex algebra is more complicated and it is no longer simple [AM6] . The inner structure of V L , and of W p,p ′ , as a Virasoro algebra module, can be visualized via the following diagram describing the semisimple filtration of V L . Here all • symbols denote highest weight vectors for the Virasoro algebra and they generate the socle part of V L . Similarly, all △ symbols are representatives of the top part in the filtration, etc.
The W-algebra W p,p ′ is generated by all • (the socle part) and the vacuum vector ×. Clearly, the socle part forms a nontrivial ideal in W(p, p ′ ). [AM8] are sufficient to prove the C 2 -cofiniteness for all p and p ′ . The triplet vertex algebra W p,2 can be realized as a subalgebra of V L generated by ω and primary vectors
where G is (new) screening operator defined by
Therefore, the triplet vertex algebra W p,2 is W-algebra of type
W(2, h, h, h), (h = (2n + 1)(pn + p − 1)).
The next result shows that Conjecture 4.1 holds for p ′ = 2. 
Remark 4.1. The previous theorem shows that in the category of W 3,2 -modules, the projective cover of trivial representation should have L(0)-nilpotent rank three. This result is used in the fusion rules analysis for the c = 0 triplet algebra (cf. [GRW1] , [GRW2] ).
In [AM8] , we proved that in the category of W p,2 -modules, the projective cover of every minimal model should have L(0)-nilpotent rank three. We expect the same result to hold for general minimal (p, p ′ )-models.
CONSTRUCTION OF LOGARITHMIC MODULES AND RELATED PROBLEMS
In Section 3 we propose a large family of (conjecturally) C 2 -cofinite vertex algebras coming from integral lattices. Now we examine indecomposable representations for these algebras.
Progenerator and logarithmic modules.
A central question in representation theory of vertex algebra (or any algebraic structure) is to understand the structure of indecomposable modules. As it is well-known, for rational 3 vertex algebras it is sufficient to classify irreducible modules. In contrast, for irrational C 2 -cofinite vertex algebras (with finitely many irreps) it is essential to analyze the projective covers P i of irreducibles M i , i ∈ Irr [Hu1] . Provided that we have a good description of P i → M i , we can then form a progenerator P = ⊕ i∈Irr P i , and compute
which is known to be finite-dimensional. This associative algebra plays a major rule in representation theory, and the least it gives the Morita equivalence of abelian categories
As we shall see later, the same algebra is also important for purposes of modular invariance. Because the category V − M od has a natural braided tensor category structure [HLZ] , it is expected that one can do better and find a braided Hopf algebra A such that the above equivalence holds at the level of braided tensor categories (this is known in some cases [NT] , [FGST2] , [FGST3] ). The main problem here is that there is no good construction of P i even in the simplest case due to the fact that projective modules of irrational C 2 -cofinite vertex algebras are often logarithmic, that is, non-diagonalizable with respect to the Virasoro operator L(0). At the same time the C 2 -cofinite vertex algebra is conformally embedded inside a rational lattice vertex algebra, which is known to have no logarithmic modules. Thus we cannot simply use the larger algebra to construct all relevant modules for the smaller algebra (except perhaps for the irreducibles [AM1] ).
Thus, in order to maneuver ourselves into a situation in which End V (P ) can be studied, we first discuss construction of general logarithmic modules.
Screenings and logarithmic modules.
Here we propose a very general construction of logarithmic modules for vertex algebras coming from screenings operators as in Section 3. As we shall see, in some cases these modules are indeed projective covers. Our methods is based on screenings, local systems of vertex operators [LL] , together with deformation of the vertex algebra action [Li2] (cf. also [AM5] ). Conjecturally, the method introduced here is sufficient to construct all projective covers for vertex algebras considered in Section 3.
Let V be a vertex algebra of CFT type and let v ∈ V be a primary vector of conformal weight one, and
As in [Li2] we let
If v 0 acts semisimply on V and w is its eigenvector, the expression x v 0 w is defined as x λ w, where λ is the corresponding eigenvalue. But (4) By using this method logarithmic W(p) Q -modules (including projective covers) can be constructed by taking
one cannot construct all projective covers simply by taking v to be a primary vector inside the generalized vertex algebra V L • . Instead we require more complicated operators not present in the extended algebra V L • (for a recent application of this circle of ideas see [AM9] ). Then, when combined with W(p) Q (and not all of V L !), these more complicated local operators
has no particular meaning; it merely indicates some sort of "power" construction) became mutually local with W(p) Q , which allows us to extend our W-algebra with v [i] (z) by using Li's theory of local systems [LL] . Then we cook up a ∆ operator and consider the residue
which also annihilate W(p) Q , and again apply Theorem 5.1. Already from this discussion we infer
The previous result requires a single screening e
SOME LOGARITHMIC MODULES FOR W(p) Q
In this section we shall describe a family of such logarithmic representations for W(p) Q based on the second power of screening operators. We present a new locality result which enables us to use concepts developed in [AM5] and described above. To exemplify the construction we only consider Q = A 1 , and focus on W(p), but everything in this section applies to α replaced by
Then V L has the structure of a generalized vertex operator algebra, and its subalgebra V L is a vertex operator algebra with the Virasoro vector
Let a = e −α/p . In the generalized vertex algebra V L the following locality relation holds:
Let G(z) = n∈Z G(n)z −n−1 . Then, for n ∈ Z, we get
We infer the following result:
(2) The fields G(z) and L(z) are mutually local. More precisely:
We also have:
α the structure of the module for the Virasoro algebra.
Remark 6.1. One can also represent G(z) by using contour integrals as in [NT] , and give a different proof of Proposition 6.1 by using methods developed in [TK] . One defines
where γ is a certain contour. For p ≥ 2, we can show that
where Γ(z) is the usual Γ-function.
Let a = e α−α/p . Define
First we need the following result.
Lemma 6.1. We have the following relations:
Proof. Let us prove relation (i). First we notice that
This proves relation (i). The relation (ii) follows from (i). The proof of (iii) is similar to that of (ii).
Recall that the triplet vertex algebra W(p) is realized as a subalgebra of V L generated by the vectors
where Q = e α 0 . The doublet vertex algebra A(p) is the subalgebra of V L generated by
Clearly, W(p) is a subalgebra of A(p).
Proposition 6.2. We have
are local subspaces of fields acting on M ± 2 . Proof. It is only non-trivial to prove that G(z) and Y (x + , z) are local. We have
The proof easily follows if we invoke Lemma 6.1 and the fact that the fields Y (a − , z 1 ) and e α−α/p (z) are local. This proves (i). By using a standard result on locality of vertex operators [Li1] , [LL] , we invoke that the field G(z), G(z) are local with all fields Y (v, z), v ∈ A(p). In particular, the sets U and U e are local. Let V (resp. V e ) be the vertex algebra generated by local subspace U (resp. U e ).
It is clear that
) is a injective homomorphism of vertex algebras. So W(p) can be considered as a subalgebra of V. Theorem 6.1. We have:
There is a non-split extension
The locality relations
imply that W(p).G(z) is a Z ≥0 -graded W(p)-module with lowest weight 1. Top component is 2-dimensional and spanned by G(z) and [Q, G(z)]. By using representationtheoretic results from [AM1] we see that this module is isomorphic to Π(p − 1), and that E/Π(p − 1) ∼ = Λ(1). The proof follows.
Remark 6.3. We know that there is also a non-split extension
The operators G(z) n , n ∈ Z, define on V the structure of a module for the Heisenberg algebra such that G(z) 0 acts trivially. Therefore the field
is well defined on V. As in [AM5] we have the following result:
Recall that M ± 2 are modules for the vertex algebra V with the vertex operator map
Applying the above construction we get a (new) explicit realization of logarithmic modules for W(p).
In particular,
and it has nilpotent rank 2. ) is projective cover of Λ(2) (resp. Π(p − 2)). The same modules have been constructed in [NT] by using a slightly different method.
CONCLUSION
We hope that we have conveyed the main ingredients behind the plethora of W-algebras connected to Logarithmic Conformal Field Theory. There are still numerous problems to be resolved at the structural level (e.g. C 2 -cofiniteness), but we hope that the present techniques in vertex algebra theory -with further constructions as in Chapter 6 -are sufficient to resolve the main conjectures in the paper, including construction of projective covers. Eventually this development on the vertex algebra side will play an important role in finding a precise relationship with the finite-dimensional quantum groups at root of unity proposed in [FGST1] - [FGST3] , [FT] .
There are several aspects of C 2 -cofinite W -algebras that we did not discuss in this paper. Here we briefly outline on these developments.
(1) There is an important (simple-current) extension of the triplet vertex algebra W(p), called the doublet A(p). If p is even, that A(p) carries the structure of a vertex algebra (or vertex superalgebra). Its representation theory has been developed in [AM10] . This extension can be constructed in the higher rank as well. Also, a large portion of the present work extends to N = 1 vertex operator superalgebras. (2) We expect to see rich combinatorics underlying W(p) Q , including properties of graded dimensions of modules and of some distinguished subspaces examined in [MP] . Another important facet of the theory was initiated in [AM6] , [AM8] in connection to constant term identities of MorrisMacdonald type (see also [CLWZ] ). These identities are expected to play a role in the theory of higher Zhu's algebras. (3) Modular invariance and one-point functions on the torus are important ingredients in CFT [Zh] . In [AM4] (cf. also [F] ) we have shown that the space of one-point functions for W(p) is 3p−1 dimensional. But in view of [Miy1] , it is not completely obvious how to describe the space of one-point functions explicitly via certain pseudotraces. For W p,p ′ we still do not know precisely even its dimension, although there is an obvious guess by looking at the properties of irreducible characters [FGST1] - [FGST3] . One-point functions for the C 2 -cofinite vertex algebra SF + coming from symplectic fermions [Abe] have been recently studied in [AN] . Some general results about "logarithmic modular forms" are obtained in [KM] . (4) There is ongoing effort in the direction of constructing the full rational conformal field theory [HK1] - [HK2] . Although it is not clear how to generalize the notion of full field algebra to general C 2 -cofinite vertex algebras, some progress has been achieved recently on the construction of the bulk space, in the case of the triplet vertex algebra W(p) and W 2,3 [GR] , [GRW1] , [GRW2] , (cf. also [W] for general p and p ′ ).
